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Abstract—In this paper, we propose a metric rectification method to restore an image from a single camera-captured document

image. The core idea is to construct an isometric image mesh by exploiting the geometry of page surface and camera. Our method

uses a general cylindrical surface (GCS) to model the curved page shape. Under a few proper assumptions, the printed horizontal text

lines are shown to be line convergent symmetric. This property is then used to constrain the estimation of various model parameters

under perspective projection. We also introduce a paraperspective projection to approximate the nonlinear perspective projection. A

set of close-form formulas is thus derived for the estimate of GCS directrix and document aspect ratio. Our method provides a

straightforward framework for image metric rectification. It is insensitive to camera positions, viewing angles, and the shapes of

document pages. To evaluate the proposed method, we implemented comprehensive experiments on both synthetic and real-captured

images. The results demonstrate the efficiency of our method. We also carried out a comparative experiment on the public

CBDAR2007 data set. The experimental results show that our method outperforms the state-of-the-art methods in terms of OCR

accuracy and rectification errors.

Index Terms—Document image analysis, imaging geometry, geometric correction, shape-from-X, mesh warping.

Ç

1 INTRODUCTION

NOWADAYS, digital cameras are widely used in the
optical character recognition (OCR) community for

capturing the images of documents. They exhibit various
advantages against flatbed scanners. For instance, they are
portable, fast responsive, and able to capture document
images from any viewpoint. Furthermore, they offer a
contactless way for capturing historical documents that are
fragile and cannot be pressed onto a flatbed scanner.

The convenience of using digital cameras, however, is
also accompanied by some serious problems. For example,
when one uses a digital camera to capture an opened book
page, the resulting image is distorted due to the curved
page surface and the perspective of camera. The distortions
will not only impair the visual quality of images, but also
may cause significant problems in the subsequent proces-
sing steps, such as page layout segmentation and character
recognition. Consequently, geometric rectification is often
an indispensable step in camera-based document image
analysis and recognition.

Camera-captured document images generally suffer from
two types of distortions, i.e., the perspective foreshortening
and the nonlinear geometric distortions. The former arises

from the perspective projection, while the latter is caused by
the nonplanar document shape. The two types of image
distortions couple with each other, leading to curved text
lines, nonuniform character sizes, and multiple image skews.

In the past decades, many methods have been proposed
to address this problem. These approaches can be roughly
divided into several major categories, including the
methods relying on local or global image transformation,
e.g., [1], [2], [3], [4], those using 3D range data [5], [6], [7],
[8], those using shape-from-X techniques [9], [10], [11], [12],
[13], and those assuming a restricted shape for the curved
page surface [14], [15], [16], [17]. Recently, other methods
using multiple images taken from different viewpoints [18],
[19] have also been proposed.

1.1 Previous Works

1.1.1 Nonlinear Image Transformation

A straightforward idea for document image rectification is
to segment the curved words or text lines and straighten
them one by one [1], [3]. These methods can produce
satisfactory outputs that are suitable for OCR applications.
But the drawback is also obvious. Due to the locality of
image transformation, these methods may fail to rectify the
distortions within nontextual regions.

One extension is to employ a global image transformation.
Lu and Tan [20] propose to estimate an image transformation
through image grid modeling. A grid regularization process
is performed to remove the distortions. Schneider et al. [21]
derive a warping mesh by interpolating a vector field using
image local orientation features. The image is finally rectified
by approximating the nonlinear distortions with multiple
linear projections. Brown and Tsoi [2], [4] describe a
boundary interpolation framework to approximate the image
warping function. Their method is applicable to a variety of
geometric distortions.
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Although the methods using nonlinear image transforma-
tion can produce satisfactory results that are adequate for
OCR, large distortions remain in the rectified images, due to
the lack of 3D information of document page. Thus, to make a
metric rectification, additional prior information, e.g., metric
markings on the page [2], [4], has to be incorporated.

1.1.2 Shape Estimation from Range Data

A direct way to acquire the 3D shape information of a
document page is to take advantage of its 3D range data. Pilu
[5] proposes to use a developable surface to fit the range data
and then flatten it to produce an undistorted image. Brown
et al. [6], [8], [22] first acquire a 3D scan of the document’s
surface together with a 2D high-resolution image. Then, a
conformal mapping is used to flatten the surface.

The methods using 3D range data generally do not
assume a parametric shape model. Thus, they are quite
suitable for rectifying images with arbitrary geometric
distortions [6], [7], [8], [22]. However, the requirements for
expensive setups, as well as the limitations in speed and
stability, often make them less attractive in applications.

1.1.3 Shape-from-X

Shape-from-shading techniques are often used to extract 3D
shape information from a shading image. These techniques
have been successfully applied to the geometric rectifica-
tion of document images, e.g., [9], [11], [12], [13], [23].
However, due to the strict assumptions on the environment
lighting, these techniques can merely provide a rough
qualitative shape estimation that is often insufficient for a
metric image rectification.

Instead of using shading information for shape recovery,
other visual cues are also exploited. Gumerov et al. [24]
propose a method for shape estimation from a single image
of a developable surface. Their method requires correspon-
dences between closed contours in the image and in the
unrolled page. Fujimoto et al. [10] model the curved
document page as a ruled surface and propose a shape from
parallel geodesics method. Recently, there have also been
some works that use multiple images taken from different
viewpoints [18], [19] for shape estimation.

1.1.4 Physical Shape Modeling

A special shape surface is often assumed to constrain the
shape estimation process. The advantage is that it can
significantly simplify the problem and improve the stability
of the estimation process. Cylindric shape assumption is
commonly used to model the distortions in the spine
regions of a book page [16], [25], [26], [27]. This assumption
is also used in the rectification of a camera-captured
document image. Cao et al. [14] propose a cylindric surface
model for image rectification. The model requires the image
plane to be parallel to the generatrix of the cylindric page.

Another frequently used shape assumption is the
developable surface. This assumption is a natural choice
for modeling the shape of a book page since a curved page
can always be unrolled to a plane without tearing or
stretching. Liang et al. [15], [17] present a developable
surface model. They use texture flow information and
exploit the parallelism and equal line spacing of the printed
textual contents to estimate the page surface. To flatten the

image, the developable surface is approximated using a
finite number of planar strips. These strips are rectified
piece by piece and then merged together. However, due to
the estimation errors, gaps and overlapping often appear
between the neighboring corrected strips. A postprocessing
step is thus implemented to obtain a seamless result.

A more general shape assumption, on one hand, can
always enhance the capability of page shape modeling. But,
on the other hand, it will also dramatically increase the
difficulties of model parameters estimation, especially in
the case of nonlinear perspective projection. Therefore, how
to balance the two factors is the most important considera-
tion in developing a new image rectification method.

1.2 Our Contributions

In this paper, we present a novel metric rectification method
for restoring an image from a single document image
captured by an uncalibrated camera. The method employs a
General Cylindrical Surface (GCS) to model the page shape.
Then, the properties of horizontal text lines under perspec-
tive projection are exploited to build an isometric mesh.
Finally, mesh-based image warping is implemented to
remove the distortions.

In comparison with the previous approaches [2], [4], [14],
our method removes the restrictions on camera poses. It is
insensitive to the viewing angle and positions of camera.
Therefore, it enables a flexible application and can be
applied to document images captured at very close range.
These images generally have strong perspective and cannot
be handled well by the previous methods.

In contrast to Liang’s method [15], [17], our method is
much more straightforward. It derives a global image
transformation by constructing an isometric image mesh.
Any postprocessing step is thus not demanded to repair the
local gaps or overlapping in the rectified image. Addition-
ally, our method does not assume equal line spacing of the
printed textual contents. Two horizontal text lines are
adequate for a metric image rectification.

Our work is distinguished by three major contributions:

1. We propose a novel step-by-step image rectifica-
tion framework. This framework is able to fully
rectify the nonlinear geometric distortions, includ-
ing the distortions caused by perspective, page
curl, and their coupling. The framework can also
be used for 3D shape estimation from the
perspective geodesics of GCS.

2. We also reveal a line convergent symmetry about the
printed horizontal text lines (see Section 2.2). This
symmetry, as we will see later, can help to constrain
the estimation of model parameters under perspec-
tive projection well.

3. By introducing a linear paraperspective projection,
we derive a set of close-form formulas for the
estimation of GCS directrix and the x-to-y aspect
ratio of document. These formulas finally lead to a
straightforward solution to the problem of metric
image rectification.

The remainder of this paper is organized as follows:
Section 2 gives the assumptions and the details of the
proposed method. Comprehensive experimental results are
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presented and analyzed in Section 3. Section 4 discusses
several issues of our method. Finally, Section 5 concludes
this paper.

2 APPROACH

Our goal is to fully rectify the nonlinear geometric
distortions in a camera-captured document image, includ-
ing the distortions caused by perspective, page curl, and
their coupling. To this end, a crucial step is to construct an
isometric image mesh, which accounts for the underlying
geometric distortions. Once such a mesh is available, one
can conveniently flatten the curved document image
through mesh-based image warping [28]. The overview of
the proposed method is shown in Fig. 1.

2.1 Text Lines Extraction and B-Spline Fitting

To construct an isometric image mesh, we have to first
extract at least two curved horizontal text lines. Some
methods already exist in the literature, e.g., [1], [3], [29].
Recently, Bukhari et al. [30] use an active contour model
(named coupled-snakes) to extract curled text lines in-
formation. Their method is less sensitive to different
directions of curl and variable line spacing. Lu and Tan
[20] use a point tracing technique [31] to estimate the
baseline of a curved text line. The method can produce a
highly accurate estimation result.

Automatic text lines extraction and fitting in itself is a
challenging problem, especially when a document image is
severely degraded or has large areas of marginal noises.
Removing such noises, however, is not an easy problem, as
stated in [32]. In our experiments, we manually remove the
marginal noises, and then a simple variant of the method
proposed in [14] is employed. This method first extracts text
lines through a bottom-up clustering of connected compo-
nents. Then, the fiducial points of connected components in
a text line are fitted by a cubic B-spline curve using the
method proposed in [33].

Text lines fitting is a crucial step for metric image
rectification; it will affect the subsequent model parameters

estimation and isometric image mesh construction. We will
further discuss it in Section 3.

2.2 Isometric Mesh Construction

Three basic assumptions are required for constructing an
isometric mesh. First, we assume that the curved page
shape is a General Cylindric Surface. GCS is suitable for
modeling the page shape of an opened book. It is also
adopted in many previous works, e.g., [2], [4], [14].

Second, we require that the 3D rulings of GCS are
orthogonal to the horizontal text lines. This assumption will
lead us to a fact that the horizontal text lines on 3D page
surface are planar curves. The generalization of this
assumption is also possible. We will discuss it in Section 4.

Third, we assume that the camera is a standard pinhole

camera, in which the x-to-y sampling ratio is one and the

principal point locates at the image center.
Under the above assumptions, we have the following

proposition:

Proposition 1. The horizontal text lines, under perspective

projection, are line convergent symmetric. That is, for any

two curved horizontal text lines, their tangents, at the

corresponding points, intersect along a line on the image plane.

We refer to the line as a convergence line. The above

property is also illustrated in Fig. 2.
An image mesh consists of two groups of curves, called

latitude lines and longitude lines, respectively, as illustrated in

Fig. 3. We construct an isometric mesh through three steps,

i.e., latitude lines construction, longitude lines construction,

and mesh aspect ratio estimation. The first step generates a

group of horizontal curves which reveal the underlying

perspective distortions, while the second step reconstructs

the projected rulings that divide each horizontal text line

into spatially equidistant segments. The last step estimates

the aspect ratio of image mesh.

2.2.1 Vanishing Point Estimation

It is well known that for a set of parallel lines, if they are not

parallel to the image plane, their perspective projections

will converge at a single point, known as a vanishing point.
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Fig. 1. The flowchart of the proposed method.

Fig. 2. Line convergent symmetry. At the corresponding points that are

from the same projected ruling, the tangents of text curves, C0ðtÞ and

C1ðtÞ intersect along the line L on the image plane. Fig. 3. An image mesh consists of latitude lines and longitude lines.



To construct the latitude lines, we have to first estimate
the vanishing point of the projected 3D rulings of GCS. This
point can be estimated via the property of line convergent
symmetry of horizontal text lines. As already stated above,
the corresponding tangents intersect along the convergence
line. Geometrically, this line is the intersection of the image
plane with a plane passing through the optical center and
perpendicular to the 3D rulings of GCS.

The geometric constraints between the convergence line
and the vanishing point provide us an effective way for
vanishing point estimation. We model these constraints into
an optimization problem by which the vanishing point, as
well as other model parameters, can be readily estimated.

One constraint is the orthogonality between the 3D
rulings and the convergence line. For convenience, we
assume that the image origin rests at the image center and
coincides with the principal point. Further suppose that the
coordinate of the vanishing point on the image plane is
v ¼ ðvx; vyÞ>. Then, the direction of 3D rulings in the camera
coordinate system is given by

V ¼ ðvx; vy; fÞ>; ð1Þ

where f is the focal length. Denote a 3D point on the
convergence line by P ¼ ðx; y; fÞ>. According to their
orthogonality, that is,

V>P ¼ 0; ð2Þ

we have

xvx þ yvy þ f2 ¼ 0: ð3Þ

Another constraint is the concurrence of the correspond-
ing tangents on the horizontal text lines. This constraint, in its
homogeneous representation, also has an orthogonality
form. Let li ði ¼ 1; . . . ; nÞ (where n is the total number of
horizontal text lines) be a set of corresponding tangent lines,
and P be the common point of li ði ¼ 1; . . . ; nÞ which also
satisfies (3). Using the homogeneous representation, we have

li
>P ¼ 0; 8i ¼ 1; 2; . . . ; n: ð4Þ

We define two cost functions, Ec and Eo, to measure how
much the above two constraints are satisfied. Let lij ði ¼
1; . . . ; n; 8j ¼ 1; . . . ;mÞ be a group of corresponding tangent

lines on the horizontal text curves and Pj ðj ¼ 1; . . . ;mÞ be
the corresponding common point of tangent lines. Denote
by ’ij the included angle between Pj and lij. Further denote
the included angle between V and Pj by �j ðj ¼ 1; . . . ;mÞ.
Then, we define

EcðvÞ ¼
1

n

X
i

X
j

��cos’ij
��; Eoðv; fÞ ¼X

j

jcos�jj; ð5Þ

where Ec, which is only associated with v, is for measuring
the concurrence of corresponding tangent lines, and Eo,
which is also associated with the focal length f , is for
measuring the orthogonality between the convergence line
and the 3D rulings.

The vanishing point, as well as the focal length, can be
estimated by solving the following minimization problem:

ðv�; f�Þ ¼ arg min
v;f
fEcðvÞ þ �Eoðv; fÞg; ð6Þ

where � is a predefined parameter for balancing the two
parts. In our experiments, we empirically set � ¼ 0:1. Also
note that the objective function in (6) is nonlinear. Thus, we
adopt a cyclic coordinate descent method [34] to solve the
problem. This method begins with an initial estimation of v,
which can be obtained by the methods proposed in [30],
[35]. Then, v is fixed and an optimal f is estimated. Next, we
fix f to update the estimation of v using a descent method.
The above procedure is repeated until convergence.

In applications, we find that tangent lines are sensitive to
the fitting errors of text lines. Therefore, the tangents in (4)
are replaced by the corresponding secants. It is easy to
verify that the line convergent symmetry still holds. Fig. 4
shows several examples of vanishing point and conver-
gence line estimation.

2.2.2 Cross-Ratio Interpolation

We first introduce an important projective invariant, cross
ratio, which is a nonzero real number defined by

ðP�; P� ;P0; P1Þ ¼
P� � P0

P� � P1
:
P� � P0

P� � P1
¼ �ð� � 1Þ
�ð�� 1Þ ; ð7Þ

where P0, P1, P�, and P� are four points from a spatial line,
satisfying P� ¼ ð1� �ÞP0 þ �P1 and P� ¼ ð1� �ÞP0 þ �P1.
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Fig. 4. Examples of vanishing point and convergence line estimation. (a) A synthetic image, (b) and (c) Real-captured images. The common point of

the plotted rulings correspond to the estimated vanishing point. The dashed lines in (b) and (c) are the estimated convergence lines.



Let � approach the infinity; we can get the cross ratio that
the infinite point satisfies:

ðP�; P1;P0; P1Þ ¼
P� � P0

P� � P1
:
P1 � P0

P1 � P1
¼ �

�� 1
: ð8Þ

Assume that a perspective projection maps the four points
P0, P1, P�, and P1 to p0, p1, p�, and v, respectively, where
p� ¼ ð1� �Þp0 þ �p1 and v ¼ ð1� �Þp0 þ �p1. According to
the invariant property of the cross ratio, we have

�

�� 1
¼ �ð�� 1Þ
�ð�� 1Þ ; ð9Þ

or equivalently,

� ¼ ��

�þ �� 1
: ð10Þ

Consequently, given the vanishing point v and the fitted
text curves, one can use the above formula to construct a
group of spatially equidistant latitude lines. Fig. 5 illustrates
the process of latitude line construction through cross-ratio
interpolation between two horizontal text lines.

2.2.3 Directrix Estimation

To construct the isometric longitude lines, we have to
recover a directrix of GCS. However, due to the perspective
of camera, a directrix cannot be obtained by simply fitting a
horizontal text line. The difficulty is mainly due to the
nonlinear mapping between a spatial curve and its
perspective projection. To circumvent this problem, we
employ a linear paraperspective projection to approximate
the perspective projection.

The paraperspective projection is defined as follows
[36]: Given a reference point R ¼ ðxR; yR; zRÞ>, an object
point P ¼ ðx; y; zÞ> is first projected to a point Pr on the
reference plane z ¼ zR (which is a plane through R and
parallel to the image plane z ¼ f) in the direction parallel
to OR
��!

. Then, Pr is projected to a point Ppara ¼ ð~u; ~v; fÞ> on
the image plane through a central projection.

Let Ppers ¼ ðu; v; fÞ> be the perspective projection of P

and denote

�x
�y
�z

0
@

1
A ¼ x� xR

y� yR
z� zR

0
@

1
A: ð11Þ

The following proposition holds:

Proposition 2. The squared error between Ppers and Ppara is

e2 ¼ e2
u þ e2

v

¼ �x

�z
� x

R

zR

� �2

þ �y

�z
� y

R

zR

� �2
" # X1

k¼1

ð�1Þk �z

zR

� �kþ1

f

" #2

;

ð12Þ

where eu ¼ u� ~u and ev ¼ v� ~v.

Equation (12) indicates that if an object is relatively
distant from the camera, i.e., �z� zR, its paraperspective
projection will be a good approximation to the perspective
projection. This property helps us to recover a directrix of
GCS from the horizontal text lines. First, we calculate the
perspective curve of a sufficiently distant directrix through
cross-ratio interpolation. This curve is used to approximate
its corresponding paraperspective projection. Then, we
exploit the affine matrix associated with the paraperspec-
tive projection to recover the directrix.

For clarity, we use Fig. 6 to illustrate the geometries of
vanishing point, convergence line, directrix, and the
projective curves on the image plane. Without loss of
generality, here we define a 3D coordinate system for the
camera and GCS. The x-axis of this coordinate system
parallels the convergence line L on the image plane, and the
z-axis goes along the direction of the 3D rulings of GCS, and
the y-axis passes through the optical center O of camera.

Let DðtÞ be a distant directrix on GCS. Recall that DðtÞ is
a planar curve by our assumptions. Thus, in the defined 3D
coordinate system, we have

DðtÞ ¼ ðDðtÞ; z�Þ>; ð13Þ

where DðtÞ ¼ ðxðtÞ; yðtÞÞðt 2 ½0; 1�Þ is a 2D parametric curve
and z� is a sufficiently large number.
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Fig. 5. Latitude lines construction through cross-ratio interpolation. (a) A sequence of dividing points of spatial equidistance between p0 and p1 on �

can be calculated through (10). (b) Constructing a latitude line C�ðtÞ through cross-ratio interpolation between two text lines, C0ðtÞ and C1ðtÞ.

Fig. 6. The geometries of directrix DðtÞ, vanishing point v, convergence

line L, and projective curves C0ðtÞ, C1ðtÞ, and CðtÞ.



Further denote the perspective projection of DðtÞ on the
image plane by CðtÞ. CðtÞ generally cannot be obtained
directly from the image since the text lines on a document
page may not be sufficiently far from the camera. This
occurs if a document image is captured at a close range. We
thus calculate CðtÞ through a cross-ratio interpolation
between the fitted text lines. One has to notice that the
value of � in (10) indicates the distance of a spatial directrix
to the camera. Therefore, giving two fitted text lines and the
vanishing point v, CðtÞ can be calculated by taking a
sufficiently large � in (10).

To recover a directrix of GCS, we only have to estimate
the planar curve DðtÞ. This requires us to exploit the affine
transformation associated with DðtÞ and its paraperspec-
tive projection.

Denote the plane that a directrix lies on by �d, and the
reference plane for paraperspective projection by �r.
Suppose that the directrix is projected to CpðtÞ on �r in
the direction of T ¼ ðt1; t2; t3Þ>. For convenience, we
define a new coordinate system OXY 0Z0 for DðtÞ and
CpðtÞ, as illustrated in Fig. 7. The origin and the x-axis of
OXY 0Z0 are same with those of the coordinate system that
DðtÞ is defined.
DðtÞ can be linearly mapped to CpðtÞ through an affine

transformation, i.e.,

CpðtÞ ¼ ADðtÞ; ð14Þ

where A is a 2� 2 nonsingular matrix. To explore the explicit
form of A, we arbitrarily select a point P ¼ ðx; yÞ> fromDðtÞ.
Denote its corresponding point in the coordinate system
OXY 0Z0 by P. Then, it follows P ¼ ðx; y cosð�Þ; y sinð�ÞÞ>,
where � is the included angle between �d and �r. Further
suppose P is mapped to P0 ¼ ðx0; y0; 0Þ> on CpðtÞ. Thus, we
have

x0
y0

� �
¼

1 � t1
t3

sin �

0 cos �� t2
t3

sin �

 !
x
y

� �
: ð15Þ

The process of directrix recovery is illustrated as

DðtÞ ¼ A�1CpðtÞ ¼ 	A�1 ~CðtÞ � 	A�1CðtÞ; ð16Þ

where ~CðtÞ is the central projection of CpðtÞ to the image
plane and 	 is a scaling factor. Since we are only interested
in sampling a sequence of equidistant dividing points from
DðtÞ for longitude lines construction, any similar transfor-
mation of DðtÞ that preserves the equidistance of points,

e.g., shift, rotation and scaling, is not essential. Therefore,
the scaling factor 	 in (16) can be ignored.

In matrix A, there are several parameters, i.e., � and the
direction of parallel projection T. The angle � can be
calculated as

� ¼ cos�1 e3 �
V

kVk

� �
¼ cos�1 fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2
x þ v2

y þ f2
q

0
B@

1
CA; ð17Þ

where e3 ¼ ð0; 0; 1Þ> and V is the direction of 3D rulings of
GCS. The direction T depends on the reference point for
paraperspective projection. From (12), we can see that to
minimize the approximation error, one has to select a
reference direction that is as close to each point on the
directrix as possible. In our experiments, we select the
centroid ofCðtÞ, denoted by C ¼ ðx0; y0; fÞ>, for determining
the reference direction, that is, T ¼ C

Ck k .
Fig. 8 illustrates an example of directrix estimation of the

image in Fig. 4a. In the example, we select � ¼ 0; 1; 5; 10; 20,
respectively, to calculate the projective curve CðtÞ in (16).
For convenience of comparison, all the recovered directrices
are finally shifted, scaled, and rotated so that the two
endpoints of these curves are coincident. From the figure,
we can see that with the increasing �, the approximation to
the true directrix gets better. This is consistent with the
statement in Proposition 2.

To construct the longitude lines of isometric mesh, we
sample a sequence of equidistant dividing points from DðtÞ.
These points are then mapped back to CðtÞ through the
matrix A in (15). The longitude lines are finally constructed
by drawing lines from the vanishing point v through these
back-projected points.

2.2.4 Aspect Ratio Estimation

To make a metric rectification, we also need to estimate the
aspect ratio of the image mesh. Let C0ðtÞ and C1ðtÞ be the
bottom and top latitude lines of mesh, respectively. For each
curve, we draw a line parallel to the convergence line L from
its left endpoint. Denote the two lines by L0 and L1,
respectively. Then, we draw another line from the vanishing
point v, which is perpendicular toL and intersects withL,L0,
and L1 at F , p0, and p1, respectively, as illustrated in Fig. 9a.
Denote the distance between L0 and L1 by himg ¼ p0p1j j.
Obviously, himg is the foreshortened height of mesh.
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Fig. 7. The affine transformation between the directrix, DðtÞ, and its

parallel projection, CpðtÞ.
Fig. 8. An example of directrix estimation. The estimated directrices are
plotted in dash lines. In the example, we select � ¼ 0; 1; 5; 10; 20,
respectively, for the cross-ratio interpolation of distant curves. C20ðtÞ is a
synthetic distant text line, which is interpolated from two fitted horizontal
text lines, C0ðtÞ and C1ðtÞ, by setting � ¼ 20 in (10).



We use himg to estimate the actual height, H, of the image

mesh. The process is illustrated in Fig. 9b. Denote the

spatial points that correspond to p0 and p1 by P0 and P1,

respectively. We set a reference plane �r through P0 and

parallel to the image plane �. Denote the perspective

projection of P1 on �r by Pr
1 . Let h ¼ P0P

r
1

�� ��. Obviously,

h ¼ 	himg, where 	 is a scaling factor associated with �r. Let

� be the angle between OP1 and the optical axis. Applying

the Sine theorem to the triangle �P0P1P
r
1 , we have

H ¼ cos�

cosð�þ 
Þh ¼
	 cos�

cosð�þ 
Þhimg; ð18Þ

where 
 is the included angle between the image plane and

the 3D rulings of GCS. Note that 
 is the complementary

angle of �, which can be computed by (17). The angle � is

calculated directly from the image by

� ¼ tan�1 d

f

� �
; ð19Þ

where f is the focal length and d ¼ Op1

�� �� is the distance

between p1 and the principal point O.
Connect F with the right endpoint of C0ðtÞ by a line

which intersects with L0 at q0 (see Fig. 9a). Let limg be the

distance between q0 and the left endpoint of C0ðtÞ. We use

limg to recover W , the actual mesh width.
It is worth noting that F is the vanishing point of the

spatial lines that parallel to the Y-axis in Fig. 6. As a result,

limg is actually the x-width of a scaling directrix that

corresponds to C0ðtÞ, i.e., l ¼ 	limg, where l is the actual

x-width of directrix and 	 is the scaling factor in (18).
Denote by CðtÞ a distant projective curve, and ~DðtÞ ¼

ð~xðtÞ; ~yðtÞÞ>ðt 2 ½0; 1�Þ the recovered directrix from CðtÞ.
Following the same steps that we have performed on C0ðtÞ,
we can similarly calculate the x-width, l0img, of ~DðtÞ, i.e.,

l0img ¼ j~xð1Þ � ~xð0Þj.
Further denote the curve length of ~DðtÞ by w0img, i.e.,

w0img ¼
Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d~x

dt

� �2

þ d~y

dt

� �2
s

dt: ð20Þ

We have

wimg
w0img

¼ limg
l0img

; ð21Þ

where wimg is the curve length of the directrix that

corresponds to C0ðtÞ.
Similarly, we also have

W

wimg
¼ l

limg
¼ 	; ð22Þ

or

W ¼ 	wimg ¼ 	w0img
limg
l0img

: ð23Þ

Consequently, from (18) and (23) we have

r ¼� H

W
¼ himg
limg
�
l0img
w0img

� cos�

cosð�þ 
Þ ; ð24Þ

where r is the aspect ratio of the image mesh.

2.3 Mesh Warping and Image Flattening

Once an isometric mesh is made, the curved image can be

fully rectified through mesh-based image warping, which is

implemented via a bivariate warping function [4]. Fig. 10

illustrates several examples of image rectification results.
In the top row of the figure, the leftmost one is a

synthetic image and the others are real-captured images.

We can observe that the geometric distortions in the images

caused by page curl and perspective are removed satisfac-

torily. For a detailed comparison, we enlarge several image

patches in the input images and show their corresponding

rectifications side by side in Fig. 11.

3 EXPERIMENTAL RESULTS AND ANALYSIS

We evaluate the proposed method through three experi-

ments: The first experiment is implemented on synthetic

images. In contrast to real-captured images, the ground

truths of synthetic images are exactly known. Thus, they are

quite suitable for the quantitative evaluations of image

rectifications and model parameters estimation. The second

experiment is carried out on document images captured

from real book pages. In addition to nonlinear geometric

distortions, these images often suffer from defocus, nonuni-

form illuminations, and other quality degradation. We also

compare our method with four state-of-the-art methods on

a public data set.
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Fig. 9. Mesh aspect ratio estimation. (a) Calculating the foreshortened mesh height himg and the x-width of directrix limg. (b) Estimating the actual

mesh height H.



3.1 Evaluation Methodology

The following methodology is adopted to evaluate image

rectifications and model parameters estimation. For van-

ishing point and convergence line, we measure their

estimation precisions by their directions on the Gaussian

sphere [37].

Denote the ground-truth vanishing point by ðvx; vyÞ>. Its

corresponding direction on the Gaussian sphere is given by

V ¼ ðvx; vy; fÞ>, where f is the focal length. Then, the

precision of an estimated vanishing point v� ¼ ðv�x; v�yÞ
> is

measured by

Evp ¼ cos�1 jhV � V �ij
kV k � kV �k

� �
; ð25Þ

where V � ¼ ðv�x; v�y; fÞ
>.

The estimation of convergence line is evaluated in a

similar way. We know that the convergence line corre-

sponds to a plane on the Gaussian sphere. Thus, its

precision can be measured by the corresponding normal.

Let axþ byþ c ¼ 0 be the ground-truth convergence line. Its

normal on the Gaussian sphere is given by L ¼ ða; b; cfÞ
>. The

error of an estimated convergence line a�xþ b�yþ c� ¼ 0 is

thus given by

Ecl ¼ cos�1 jhL � L�ij
kLk � kL�k

� �
; ð26Þ

where L� ¼ ða�; b�; c�f Þ
>.

For the focal length and the aspect ratio of image mesh,

we use their relative errors for precision measurement, i.e.,

Ef ¼
jf� � f j

f
; ð27Þ

and

Er ¼
jr� � rj

r
; ð28Þ

where f and r are the ground-truth focal length and aspect

ratio, f� and r� are the estimated ones, respectively.
Finally, we define the error between the rectified image

and its ground truth. Since we target removing all the

geometric distortions caused by page curl and perspective,
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Fig. 10. Examples of image rectification results. (a) Curved document images (the leftmost is a synthetic image, and the others are real-captured

images). (b) Isometric image mesh. (c) Rectification results.



an intuitive quality measure is to check how much
distortion remains after image rectification.

For a curved image, once its isometric mesh is con-
structed, we actually restore a nonlinear mapping T � that
maps the curved image to its frontal-flat view. Further
denote T as another mapping that maps the curved image to
its ground truth. The remaining distortions in the rectified
image can be measured by the difference of the two
mappings. This is equivalent to computing the distances
between the images of T and T �.

Also note that the position and resolution of the rectified
image are generally unknown. We thus allow translation
and scaling of the rectified image in x and y-axis.
Consequently, the error between the rectified image and
its ground truth can be given as follows:

Eimgðx; yÞ ¼ min
�; t
kT ðx; yÞ � �T �ðx; yÞ þ tk; ð29Þ

where � and t are the scaling factor and the translation
vector, respectively, and ðx; yÞ is the coordinate of a pixel in
the curved image.

We generally sample N points from Eimg and use their
mean and standard deviation to judge the remaining
distortion, i.e.,

meanE ¼ 1

N

XN
k¼1

Eimgðxk; ykÞ; ð30Þ

stdE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN
k¼1

ðEimgðxk; ykÞ �meanEÞ2
vuut : ð31Þ

3.2 Results on Synthetic Document Images

We evaluate image rectification and parameters estimation
through three experiments. The first and the second

experiments are to test the effect of camera poses and GCS
shapes on model parameters estimation. In those experi-
ments, we assume perfect knowledge of text lines in order to
eliminate the impact of fitting errors. The last experiment
employs the fitted text lines for model parameters estimation.
This experiment is to test the robustness of the proposed
method to the fitting errors of horizontal text lines.

3.2.1 Model Parameters Estimation versus Camera

Poses

In this experiment, we first take a clean and flat document
image with image size at 2;150� 2;900 and resolution at
300 dpi. This image is then warped into a predefined
cylindric shape and later mapped onto an image plane
through a perspective projection.

We designed two sets of pose parameters, including six
azimuths of viewpoint from �5 to 45 degrees and seven
elevations from 25 to 85 degrees. In the first set of pose
parameters, we fixed the elevation to 45 degrees, while in
the second set of pose parameters, we fixed the azimuth of
viewpoint to 0 degrees. In Fig. 12, we illustrate several
samples of the synthetic images with different camera poses.

Table 1 gives the results of model parameters estimation
versus azimuths of viewpoint. From the table, one can
observe that the azimuth of viewpoint has a minor impact on
the model parameters estimation. The estimation error of the
vanishing point and convergence line is below 0.014 degree.
The relative estimation errors of the focal length and aspect
ratio are lower than 0.12 and 1 percent, respectively. The
mean remaining distortion is within 3 pixels, or about
0.54 mm in metric measurement. Note that the errors in
pixels vary with the image size of the ground-truth image. In
our experiments, we calculate the remaining distortion by
fixing the width of the ground-truth image to 1,000 pixels.

From Table 1, we also see that the mean remaining
distortion increases when the azimuth of viewpoint ap-
proaches to 45 degrees. Actually, with the change of view-
points, severe distortion may occur to image patches that
have large included angles between the page surface normal
and the viewing direction. Specifically, an image patch may
be occluded by itself with some azimuths. In this case, the
distortion in these patches is impossible to be fully rectified.

Table 2 shows the results of model parameters estimation
versus elevations of viewpoint. We see that parameters
estimation is not much affected by the elevations of
viewpoint. The largest mean remaining distortion is below
2.37 pixels, about 0.43 mm.

We can also observe from Table 2 that camera elevations
have different impact on the estimations of convergence
line and aspect ratio. With the increasing of elevations,
the estimation error of convergence line decreases, while
the estimation error of aspect ratio increases. The reason is
that with a small camera elevation, the top and bottom text
lines will get close to each other under perspective
projection, making it difficult for an accurate location of
the convergence line. Conversely, a large camera elevation
may, in turn, cause the inaccuracy of directrix estimation,
which finally deteriorates the estimation of aspect ratio.
From (12), we know that zR will vary little with a large
camera elevation. Thus, the estimation error of directrix
cannot be reduced by selecting a large �. In this case, if an
image is also taken at a very close range, the estimated
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Fig. 11. Enlarged patches of the original and the rectified images.
These images are taken from the first, the third, and the last examples
in Fig. 10, respectively. Some rectified characters in the image of the
first row get blurred. This is due to the insufficient resolution of the
original image in the large distortion regions.



directrix will have large errors. When the elevation is

precisely 90 degrees, a degenerate case will occur to our

method. We will discuss it in Section 4.1.

3.2.2 Model Parameters Estimation versus GCS

Shapes

To test the effect of GCS shapes on model parameters

estimation, we designed seven cylindric shapes by increas-

ing the shape factor of the directrix from 0.1 to 1.5. The

shape factor, �, is defined as

D�ðtÞ ¼ ðxðtÞ; � � yðtÞÞ>; ð32Þ

where ðxðtÞ; yðtÞÞ> is the original directrix and D�ðtÞ is the

scaled one. Several examples of the synthetic images with

different shape factors are illustrated in Fig. 12c.
Table 3 gives the results of parameters estimation

versus the shapes of GCS. From the results, we see that

the shapes of GCS have even less effect on the model

parameters estimation. The largest mean remaining dis-

tortion is less than 0.81 pixels, about 0.15 mm.
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Fig. 12. Samples of synthetic document images. (a) Images with different azimuths of viewpoint. (b) Images with increasing elevations of viewpoint.

(c) Cylindric shapes with increasing curvature.

TABLE 1
Model Parameters Estimation versus Azimuths

TABLE 2
Model Parameters Estimation versus Elevations



3.2.3 Model Parameters Estimation versus Text Lines

Fitting

The fitting error of each text line is different due to the

foreshortening effects of perspective projection. Thus, it is

difficult to define the fitting error of text lines for an image.

Nonetheless, noting that the fitting errors are closely

correlative to the font sizes of characters, we instead use

the font sizes of document to simulate the fitting errors.
We make seven English document images with size at

2;481� 3;509 and resolution at 300 dpi. The font sizes of

these documents range from 6 to 18 pt. Then, these images

are warped into a predefined cylindric shape and mapped

onto the image plane by perspective projection. In the

process, we set the azimuth and elevation of the camera to

15 and 65 degrees, respectively. The results of parameters

estimation and rectification errors are given in Table 4.
From the results, we see that model parameters estima-

tions are clearly influenced by the fitting errors of text lines.

The estimation errors increase notably compared with those

of using the perfect text lines information. However,

the remaining distortion does not increase significantly.

The largest mean remaining distortion is less than 2.9 pixels,
about 0.6 mm.

Finally, we point out the fact that the font size of
characters, i.e., the height of text lines, does not have a
significant impact on the rectification error. The difference
in rectification errors incurred by font sizes is less than
0.9 pixels, or about 0.2 mm. As a comparison, the variation
between the largest and the smallest font size is 4.2 mm,
about 50 pixels in 300 dpi.

3.3 Results on Real-Captured Document Images

We also test our method on a number of real-captured
document images. Fig. 13 presents several examples of real-
captured book pages. In addition to the perspective and
nonlinear geometric distortions, real-captured images also
suffer from other types of quality degradation, including
nonuniform illumination and defocus blur. As a result, real-
captured document images are suitable for testing the
robustness of the proposed method to these factors.

Unlike the synthetic document images, the remaining
distortion Eimg in the rectified real-captured images cannot
be directly computed due to the unknown ground-truth
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TABLE 4
Model Parameters Estimation versus Text Lines Fitting

Fig. 13. Samples of real-captured document pages. These pages are also manually flattened and scanned by a flatbed scanner as the ground-truth

images for rectification evaluation.

TABLE 3
Model Parameters Estimation versus Cylindric Shapes



mapping T . Here, an alternative way is taken. After
capturing the images of a book page, we flatten it manually
and scan it using a flatbed scanner. The scanned image is
used as the ground-truth for rectification evaluation.

To calculate the remaining distortion, we extract SIFT
feature points [38] from the ground-truth image and the
rectification, respectively. The two sets of feature points are
matched to each other to find their correspondences.
Erroneous matches are simply removed according to their
geometric consistency in the neighborhood. Finally, the
matched SIFT points pairs are used to estimate the
unknown ground-truth mapping T for the calculation of
meanE and stdE.

Table 5 gives the rectification errors of the images in
Fig. 13. The results show that the rectified image can be
registered to the scanned ground truth within 3.6 pixels or
0.7 mm. In comparison with the synthetic results in
Table 4, the rectification errors increase. The reasons are
manifold. In real-captured document images, text lines
extraction and fitting become difficult due to image blur
and nonuniform illumination. Thus, large fitting errors
may be introduced. On the other hand, real-captured
pages may not be curved into a perfect cylindric surface,
resulting in an additional model error.

3.4 Comparisons

In this section, we implement a comparative experiment on

the public CBDAR2007 warped documents data set1 [39].

Four methods, i.e., the SEG method, the SKEL method, the

CTM method, and the snakes method, are compared to our

method. The SEG method begins with the segmentation of

each word in the image. All words are then rotated and

shifted to remove image skew [40]. The SKEL method first

extracts the outer skeletons of a text image. Then, a 2D

Bezier patch is built for approximating the deformation

function of the whole page [41]. The CTM method adopts a

coordinate transform model for book page dewarping [35].

The snakes method uses an active contour model, also

called coupled-snakes, to extract text lines information for

image rectification [30].
Fig. 14 shows several rectification results of the five

methods. The SEG and the SKEL methods can remove page

curl distortion, but fail to rectify the perspective distortion,

while the CTM, the snakes, and our method can handle the

both types of distortions. The SEG and the snakes methods
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TABLE 5
Rectification Errors of Real-Captured Document Images

Fig. 14. Comparisons on the CBDAR2007 data set. From left to right are the original image and the results obtained by SEG, SKEL, CTM, snakes,

and our method, respectively. The last column illustrates the scanned ground truths for comparison.

1. This data set can be downloaded from: http://www.dfki.uni-kl.de/
~shafait/downloads.html.



can only rectify textual distortion. Nontextual objects, such
as photos and graphics, are removed from the rectifications.

In Fig. 15, we also present a close-up patch of the bottom
image in Fig. 14. As we can see, all five methods can rectify
the skewness of text lines. But for the first four methods
compared, the character sizes after rectification remain
clearly nonuniform. In comparison, our method can
produce a quite desirable output that restores the uniform
font size.

A box plot for the rectification errors of the five methods
on the CBDAR2007 data set is shown in Fig. 16. The box in the
plot represents the interquartile range, i.e., the middle
50 percent of the data. The box has lines at the lower quartile,
median, and upper quartile values. The lines extending from
each end of the box, called whiskers, show the extent of the
rest of the data. Outliers beyond the ends of the whiskers are
represented by small circles. In the box plot, the notches
represent a robust estimate of the uncertainty about the
medians. Boxes whose notches do not overlap indicate that
the medians of the two groups differ at the 5 percent
significance level.

Considering that the aspect ratio of document images are
not recovered by the SEG, the SKEL, and the snakes
methods, we thus allow different scaling of images in x and
y axes when measuring the remaining distortion of a

rectified image. More specifically, the scaling factor � in (29)

is replaced by a 2D diagonal matrix. We also find that SIFT

matching fails in image patches with large remaining

distortion. This often occurs to the SEG and the SKEL

methods. To address this problem, we manually select point

pairs from those patches and add them to the matched SIFT

points set to calculate the rectification errors.
As the results in Fig. 16 show, the SEG method has the

largest rectification error. Following is the SKEL method.

The CTM method and the snakes method perform better. In

comparison, our method produces the smallest rectification

error. One can also observe that the notch of our method

does not overlap with those of the other four methods. This

indicates that our method outperforms the four compared

ones statistically significantly.
We also test the OCR performance of the five methods on

the data set. A well-known commercial OCR product,

ABBYY FineReader Pro 9.0, is used for character recognition.

To evaluate the results, the following OCR accuracy, i.e.,

accuracy ¼ 1� Ne

maxðNgt;NocrÞ

� �
� 100%; ð33Þ

is adopted, where Ngt and Nocr are the character numbers of

the ground-truth text and the OCRed text, respectively, and

Ne is the edit distance [42] between the two text strings.
Fig. 17 shows the box plot of the OCR performance of the

five methods on CBDAR2007 data set. We can see that the

five methods have a comparable OCR performance. They

can all improve the OCR accuracy significantly. The reason

is apparent. Although the four methods compared do not

make a metric rectification, they are able to correct the

skewness of text lines, which is adequate for an excellent

OCR performance.
The experiments are implemented by Matlab 7.2 on a PC

with 2.83 GHz Intel(R) Core(TM) 2 Quad CPU and 3.25 GB

RAM. The average running time for rectifying an image in

CBDAR2007 data set is 25 seconds.
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Fig. 15. A close-up image patch of the image in Fig. 14 (the bottom one) and its corresponding rectifications and the scanned ground-truth patch.

Fig. 16. Rectification errors of the five methods on the CBDAR2007

warped documents data set.



4 DISCUSSION

4.1 A Degenerate Case

A degenerate case will occur to our method if the image
plane is exactly parallel to the 3D rulings of GCS. In this
case, the principal point of camera falls upon the conver-
gence line. The term in (3) that involves the focal length f
thus disappears. Consequently, we cannot estimate f by
solving the optimization problem in (6).

Actually, in such a case, only the image contents cannot
provide sufficient information for the estimation of f . Some
prior knowledge other than the image information has to be
introduced. Cao et al. [14] present a solution to this special
case. In their method, additional prior knowledge, includ-
ing h the actual height of the scene captured in the image
and z� the approximate distance of the page surface, are
incorporated. As a matter of fact, with all of this information
available, the focal length f can be directly estimated as

f ¼ z
�

h
H; ð34Þ

where H is the height of the image.
There are also some other ways to introduce the prior

knowledge about f . For example, one can use some
additional metric data, such as the aspect ratio of a region
or an angle on the image [43].

4.2 Generalization of Assumptions

The horizontal text lines are actually a group of geodesics of
the page surface. From the elementary differential geometry,
we know that the geodesics on a GCS must be spirals. By our
orthogonality assumption between the rulings and the text
lines, these spirals degenerate to planar curves. This
eventually leads to the property of line convergent symme-
try of horizontal text lines, which provides good constraints
on the estimate of perspective model parameters.

If the orthogonality assumption is removed, some
difficulties arise. First, we have to estimate an additional
parameter, i.e., the included angles between the longitude
and the latitude lines of the isometric mesh. In this case,
each mesh grid will be mapped into a parallelogram rather
than a rectangle. Second, since a spiral on a GCS is usually
not a planar curve, the corresponding tangents of the
horizontal text lines will not intersect along a line, but on a
curve on the image plane. The explicit form of the curve,
which is associated with the specific shape of the text lines

on the page surface, is usually unknown. This may, in turn,
result in the instability of vanishing point estimation. Third,
the estimation error of directrix may also increase. Since the
directrix is no longer a planar curve, the affine transform in
(15) that maps the directrix to its projective curve becomes
approximate. This will introduce an additional approxima-
tion error, which depends on how much the directrix can be
approximated by a planar curve.

The GCS assumption on document page shape can also
be extended to a more general case, e.g., conical surface or
developable surface [15], [17]. A similar discussion can be
made. But we have to keep in mind that although a
general surface assumption can enhance our abilities in
page shape modeling, the difficulties in model parameters
estimation may dramatically increase, especially consider-
ing that these parameters have to be estimated under
perspective projection.

4.3 Limitations and Future Works

The proposed method relies on the printed text lines
information for image rectification. It requires at least two
horizontal text lines for isometric mesh construction. Hence,
if an image contains fewer than two horizontal text lines,
the method will fail.

But, if we are able to extract the top and bottom image
boundaries, the proposed method still works. Therefore,
our method can also be viewed as an extension of Brown
and Tsoi’s work [2], [4]. In their method, additional metric
marks on the boundaries and a fixed camera viewing angle
are also assumed.

Our method can restore a real-captured document image
to within 0.7 mm of its original shape and within about
4 pixels in its image space. Such an accuracy is quite
satisfactory, considering that no additional metric informa-
tion is employed. A better rectification accuracy (0.25 mm)
is reported in Brown’s work [6], where 3D range data of
document pages are used for helping image rectification.

There is still much room for the improvement of our
method. The extraction of text lines is vulnerable to
document layouts and image qualities. Its errors will
inevitably affect the subsequent process of isometric mesh
construction. Thus, any enhancement in text lines extraction
and fitting will help to further reduce the rectification
errors. Moreover, incorporating other information into the
computation, for instance, using multiple views of docu-
ment page or its 3D range data, will be also very
advantageous. Such information, if available, could help
us to enhance the robustness of model parameters estima-
tion. On the other hand, this information can also help us to
extend the GCS assumption to a more general case, since
some model parameters can be directly estimated with
more prior information introduced.

5 CONCLUSION

In this paper, we presented a metric rectification method for
removing the nonlinear geometric distortions in a camera-
captured document image. Our method takes advantage of
the properties of printed horizontal text lines on a
document page to construct an isometric mesh. Then, a
mesh-based image warping technique is implemented to
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Fig. 17. OCR accuracy of the five methods on the CBDAR2007 warped

documents data set.



flatten the curved image. The proposed method provides a

straightforward solution for restoring an image from a

single camera-captured document image. It is able to rectify

the distortions caused by page curl, perspective, and their

coupling simultaneously.
The experiments on both synthetic and real-captured

images demonstrate the robustness and efficiency of the

proposed method. We also compared our method with the

state-of-the-art methods on the public CBDAR2007 warped

document data set. The experimental results show that our

method outperforms these methods in terms of rectification

errors and OCR accuracies.
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